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Algorithms!

Notations

e G=(V,E)
— V : Set of vertices/nodes
— E: Set of edges

e G.Adjlu] : Adjacency list of a vertex u of the graph G

Graph Representation

e Given an adjacency-list representation of a graph G = (V, E), write an algorithm to obtain the adjacency-matrix
representation of G.

Algorithm 1 ADJACENCY-LIST-TO-ADJACENCY-MATRIX

Input: Adj-List[l,2,...,|G.V]]: Adjacency-list representation of a graph G = (V, E)
Output: Adj-Matrix[1,2,...,|G.V]][1,2,...,|G.V]]: Adjacency-matrix representation of the graph G

1 n<+ |G.V| > Number of vertices in G
2: m <+ |G.E| > Number of edges in G
3: Create an adjacency matrix Adj-Matrix[1,2,...,n][1,2,...,n] of size n x n

4: for each vertex u € G.V do

5:
6
7
8
9

for each vertex v € G.V do
Adj-Matrix[u][v] + 0 > Initialize each element of the adjacency-matrix with 0
end for

: end for

: for each vertex u € G.V do
10:
11:
12:
13:
14:

for each vertex v € Adj-List[u] do
Adj-Matrix[u][v] «+ 1 > Edge from u to v
end for
end for
return Adj-Matrix

I Please verify the content.



e Given an adjacency-matrix representation of a graph G = (V, E), write an algorithm to obtain the adjacency-list
representation of G.

Algorithm 2 ADJACENCY-MATRIX-TO-ADJACENCY-LIST

Input: Adj-Matrix[l,2,...,|G.V|][L,2,...,|G.V|]: Adjacency-matrix representation of a graph G = (V, E)
Output: Adj-List[1,2,...,|G.V|]: Adjacency-list representation of the graph G

—
e

—_
—

= = =
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n+ |G.V| > Number of vertices in G
m «+ |G.E| > Number of edges in G
Create an adjacency list Adj-List[1,2,...,n] of size n
for each vertex u € G.V do

Adj-Listfu] + 0 > Initialize an empty adjacency-list for vertex u
end for

for each vertex u € G.V do
for each vertex v € G.V do

if Adj-Matrix[u][v] =1 then > Check for an edge from u to v
Adj-List[u] + Adj-List[u] U {v} > Add v to the adjacency-list of u
end if
end for
: end for

: return Adj-List




3 Degree of Vertices in the Graph

e Given an adjacency-list representation of a directed graph G = (V, E), write an algorithm to obtain the in-degree
and out-degree of all the vertices.

Algorithm 3 IN-OUT-DEGREE-DIRECTED-GRAPH-ADJECANCY-LIST
Input: Adj-List[1,2,...,|G.V|]: Adjacency-list representation of a directed graph G = (V, F)
Output: In-degree and out-degree of all the vertices in the graph G

1 n+ |GV| > Number of vertices in G
2: m « |G.E| > Number of edges in G
3: for each vertex u € G.V do

4 u.in-degree < 0 > Initialize in-degree of vertex u to be 0
5: u.out-degree < 0 > Initialize out-degree of vertex u to be 0
6: end for

7. for each vertex u € G.V do

8 u.out-degree < |Adj-List[u]|

9 for each vertex v € Adj-List[u] do

10: v.in-degree < v.in-degree + 1

11: end for

12: end for

13: return in-degree and out-degree of vertices

e Given an adjacency-matrix representation of a directed graph G = (V, E), write an algorithm to obtain the
in-degree and out-degree of all the vertices.

Algorithm 4 IN-OUT-DEGREE-DIRECTED-GRAPH-ADJECANCY-MATRIX

Input: Adj-Matrix[l,2,...,|G.V|][1,2,...,|G.V]]: Adjacency-matrix representation of a directed graph G = (V, E)
Output: In-degree and out-degree of all the vertices in the graph G

1 n+ |GV| > Number of vertices in G
2: m <+ |G.E| > Number of edges in G
3. for each vertex u € G.V do

4 u.in-degree < 0 > Initialize in-degree of vertex u to be 0
5: u.out-degree < 0 > Initialize out-degree of vertex u to be 0
6
7
8
9

: end for
: for each vertex u € G.V do
for each vertex v € G.V do

: if Adj-Matrix[u][v] =1 then
10: v.in-degree < v.in-degree 4 1
11: u.out-degree < u.out-degree + 1
12: end if
13: end for
14: end for
15: return in-degree and out-degree of vertices




e Given an adjacency-list representation of an undirected graph G = (V, E), write an algorithm to obtain the
degree of all the vertices.

Algorithm 5 DEGREE-UNDIRECTED-GRAPH-ADJECANCY-LIST

Input: Adj-List[l,2,...,|G.V]]: Adjacency-list representation of an undirected graph G = (V, E)
Output: Degree of all the vertices in the graph G

1
2
3
4:
5:
6
7
8
9

:n < |GV > Number of vertices in G
:m <+ |G.E| > Number of edges in G
: for each vertex u € G.V do
u.degree < ( > Initialize degree of vertex u to be 0
end for

: for each vertex ©v € G.V do

u.degree <+ |Adj-List[u]|

: end for
: return degree of vertices

e Given an adjacency-matrix representation of an undirected graph G = (V, E), write an algorithm to obtain the
degree of all the vertices.

Algorithm 6 DEGREE-UNDIRECTED-GRAPH-ADJECANCY-MATRIX

Input: Adj-Matrix[l,2,...,|G.V|][1,2,...,|G.V]]: Adjacency-matrix representation of an undirected graph G =

(V. E)

Output: Degree of all the vertices in the graph G

—
e

i e

n+ |G.V| > Number of vertices in G
m <« |G.E| > Number of edges in G
for each u € G.V do
u.degree < ( > Initialize degree of vertex u to be 0
end for
for each vertex u € G.V do
for each vertex v € G.V do
if Adj-Matrix[u|[v] =1 then
u.degree — u.degree + 1
end if
end for

: end for
: return degree of vertices




4

Transpose of Graph

e Given an adjacency-list representation of a graph G = (V| E), write an algorithm to obtain the adjacency-list
representation of the transpose of G, i.e., GT.

Algorithm 7 TRANSPOSE-ADJECANCY-LIST

Input: Adj-List[1,2,...,|G.V]]: Adjacency-list representation of a graph G = (V, E)
Output: Adj-List-Transpose[l,2,...,|G.V|]: Adjacency-list representation of the transpose of the graph G

10:
11:
12:

1 n<+ |G.V| > Number of vertices in G
2: m « |G.E| > Number of edges in G
3:
4
5

Create an adjacency list Adj-List-Transpose[l,2,...,n] of size n for the transpose graph

: for each vertex u € G.V do

Adj-List-Transpose[u] < () > Initialize an empty adjacency-list for vertex u
for the transpose graph
end for
for each vertex u € G.V do
for each vertex v € Adj-List[u] do
Adj-List-Transpose[v] < Adj-List-Transpose[v] U {u} > Add u to the
adjacency-list of v for the transpose graph
end for
end for
return Transpose of the graph G in the form of Adj-List-Transpose

e Given an adjacency-matrix representation of a graph G = (V| E), write an algorithm to obtain the adjacency-
matrix representation of the transpose of G, i.e., GT.

Algorithm 8 TRANSPOSE-ADJECANCY-MATRIX

Input: Adj-Matrix[1,2,...,|G.V|][L,2,...,|G.V|]: Adjacency-matrix representation of a graph G = (V, E)

Output: Adj-Matrix-Transpose[l,2,...,|G.V]][1,2,...,|G.V|]: Adjacency-matrix representation of the transpose
of the graph G
n« |G.V| > Number of vertices in G
m <« |G.E| > Number of edges in G
Create an adjacency matrix Adj-Matrix-Transpose[l,2,...,n|[1,2,...,n] of size n X n for the transpose graph

for each vertex u € G.V do
for each vertex v € G.V do
Adj-Matrix-Transpose[u|[v] < Adj-Matrix[v][u]
end for
end for
return Transpose of the graph G in the form of Adj-Matrix-Transpose




5 Breadth-First Search (BFS)

Given a graph G = (V. E) and a source vertex s, breadth-first search systematically explores the edges of G to
“discover” every vertex that is reachable from s.

e It computes the distance from s to each reachable vertex, where the distance to a vertex v equals the smallest
number of edges needed to go from s to v.

e Breadth-first search produces a “breadth-first tree” with root s that contains all reachable vertices.

e For any vertex v reachable from s, the simple path in the breadth-first tree from s to v corresponds to a shortest
path from s to v in G.

e The algorithm works on both directed and undirected graphs.

Algorithm 9 BFS-PRINT(s, G)

1: for each vertex v € V do

2: u.visited <— FALSE > Vertex w is not visited initially
3. end for

4: Q0 > Create a queue to store the vertices
5: s.visited <~ TRUE > Mark source vertex s as visited
6: Q.ENQUEUE(S) > Insert source vertex s in the queue
7: while Q # () do > @ is not empty
8: u < Q.DEQUEUE() > Remove the vertex from the queue
9: for each vertex v € G.Adj[u] do > Explore all the adjacent vertices of vertex u
10: if v.visited = FALSE then > Vertex v is not visited
11: v.visited + TRUE > Mark vertex v as visited
12: Q.ENQUEUE(v) > Insert vertex v in the queue
13: end if

14: end for

15: end while




Algorithm 10 BFS-DISTANCE(s, G)

1:

for each vertex v € V do

2 u.d < 00 > Number of edges to reach vertex u from source vertex s is oo
3 u.7 < NIL > No predecessor of vertex u, so NIL
4 u.visited < FALSE > Vertex w is not visited initially
5: end for
6: Q<+ 0 > Create a queue to store the vertices
7: s.visited < TRUE > Mark source vertex s as visited
8: s.d<+ 0 > Number of edges to reach vertex s from source s is 0
9: Q.ENQUEUE(s) > Insert source vertex s in the queue
10: while Q # () do > @ is not empty
11: u < Q.DEQUEUE() > Remove the vertex from the queue
12: for each vertex v € G.Adj[u] do > Explore all the adjacent vertices of vertex u
13: if v.visited = FALSE then > Vertex v is not visited
14: v.visited <~ TRUE > Mark vertex v as visited
15: VT U > Make vertex u as a predecessor of vertex v
16: vd—ud+1 > Number of edges to reach vertex v from source vertex s
17: Q.ENQUEUE(v) > Insert vertex v in the queue
18: end if
19: end for
20: end while
Applications:

e Shortest path (considering the number of edges) from source vertex

e Diameter of a graph

— Undirected Graph: Maximum distance in any BFS < Diameter < 2xMaximum distance in any BFS

— Directed Graph: Diameter <2 xMaxim distancein-any BES

e Bipartite graph



Diameter of a graph: Given a graph (undirected/directed) G = (V, E) where the edge weight of all the edges
are equal. The diameter of this graph G is defined as the largest shortest path distance in the graph, i.e., diameter
= maxy yev 0(u,v) where d(u,v) is the shortest distance between vertices u and v.

Algorithm 11 DIAMETER

Input: Adj-List[1,2,...,|G.V]]: Adjacency list representation of an undirected graph G = (V, E)

Output: Diameter of the graph G
1 n <+ |G.V] > Number of vertices in G
2: m + |G.E| > Number of edges in G
3: diameter < —00
4: for each vertex u € G.V do

5: Apply BFS(u) and find the maximum distance label. Let this distance label be d,.

6

7

8

9

if d, > diameter then
diameter < d,
end if
: end for
10: return diameter

Check whether a given undirected graph G = (V, E) is Bipartite or not. Assume that the graph is connected otherwise
we have to check for bipartite for each component.

Algorithm 12 BIPARTITE

Input: Adj-List[l,2,...,|G.V]]: Adjacency list representation of an undirected graph G = (V, E)
Output: TRUE: If the graph is bipartite, FALSE: otherwise
1 n<+ |G.V| > Number of vertices in G
2: m <+ |G.E| > Number of edges in G
3. for each vertex u € G.V do
4: u.color +— NIL
5: end for
6: s < A random vertex from G.V > Select a source vertex randomly
7: s.color < RED > Color source vertex s as RED
8: Q.ENQUEUE(s) > Add s to the queue
9: while Q # () do
10: u + Q.DEQUEUE() > Dequeue from
11: for each vertex v € Adj-List[u] do
12: if v.color = NIL then > Vertex v is not colored
13: if u.color = RED then
14: v.color <— BLUE > Color vertex v as BLUE
15: else
16: v.color < RED > Color vertex v as RED
17: end if
18: Q.ENQUEUE(v) > Add v to the queue
19: else
20: if u.color = v.color then > Color of u and v is the same
21: return FALSE > Graph G is not bipartite
22: end if
23: end if
24: end for
25: end while
26: return TRUE > Graph G is bipartite




6 Depth-First Search (DFS)

Given a graph G = (V, E), depth-first search searches “deeper” in the graph whenever possible.

e Discovery and finish times obtained from DFS traversal have parenthesis structure.

e Depth-first search produces a “breadth-first forest”.
e The algorithm works on both directed and undirected graphs.

Algorithm 13 DFS-ITERATIVE(s, G)

for each vertex v € V do
u.visited < FALSE
end for
S0
s.visited <~ TRUE
S.PUSH(s)
while S # () do
u < Q.Pop()
for each vertex v € G.Adj[u] do
if v.visited = FALSE then
v.visited < TRUE
S.PusH(v)
end if
end for
: end while

e e e
AN R

> Vertex u is not visited initially

> Create a stack to store the vertices

> Mark source vertex s as visited

> Push source vertex s into the stack

> S is not empty

> Pop the vertex from the stack

> Explore all the adjacent vertices of vertex u
> Vertex v is not visited

> Mark vertex v as visited

> Push vertex v into the stack

Algorithm 14 DFS-RECURSIVE(s, G)

1: for each vertex v € V do
2 u.visited < FALSE
3: end for

4: DFS-VIsIT(G, s)

> Vertex u is not visited initially

Algorithm 15 DFS-VisiT(u, G)

1: u.visited < TRUE > Mark vertex u as visited
2: for each vertex v € G.Adj[u] do > Explore all the adjacent vertices of vertex u
3 if v.visited = FALSE then > Vertex v is not visited
4; DFS-VisiT(G, v)
5 end if
6: end for

Applications:

e Directed Graph

— Obtain the strongly connected components in a directed graph G = (V, E)

— Check whether a directed graph G = (V, E) contains a cycle or not?

— Topological sorting in a directed graph G = (V, E)
e Undirected Graph

— Check whether an undirected graph G = (V| E) contains a cycle or not?
— Given an undirected graph G = (V, E). Any edge whose removal results in a disconnected graph is known
as Bridge. A graph is 2-edge connected if it contains no bridges. Check whether the graph G is 2-edge

connected or not.



Algorithm 16 2-EDGE-CONNECTED-NAIVE

Input: An undirected graph G = (V, E)
Output: TRUE: If the graph is 2-edge connected, FALSE: otherwise

1
2
3
4
5:
6
7
8
9

:n<— |GV > Number of vertices in G
:m < |G.E| > Number of edges in G
for each edge (u,v) € G.E do
G+ G\ (u,v) > Obtain the graph G’ after removing edge (u,v) from G
if G’ is not connected then
return FALSE > Graph G is not 2-edge connected
end if
: end for
: return TRUE > Graph G is 2-edge connected

Algorithm 17 FIND-ALL-BRIDGES(G)

Input: An undirected graph G = (V, E)
Output: Bridges in the graph G if exists

1
2
3
4
5:
6
7
8
9

10:

11:
12:
13:

14:
15:
16:

for each vertex v € G.V do
u.color < WHITE

u.m < NIL
: end for
time « 0
: for each vertex u € G.V do
if u.color = WHITE then > Vertex u is not visited yet
DFS-Visit(u, G)
end if
end for
- Check for the bridges — — — — — */
for each vertex v € G.V do
U VT > Edge (u,v) is a tree edge
if u # NiL. AND v.d = v.1low then > There is no back edge within v’s subtree

that leads to a vertex whose discovery time is strictly smaller than v’s discovery time
Edge (u,v) is a bridge
end if
end for

Algorithm 18 DFS-VisiT(u, G)

=
14

—
—

—
W »

time ¢ time 41
u.d < time
u.color <— GRAY
u.low < u.d > Initialize low
for each vertex v € Adj-List[u] do
if v.color = WHITE then > Edge (u,v) is a tree edge
VT 4 U
DFS-VisIT(v)
u.low + min (u.low, v.low)
else if v # u.m then > Edge (u,v) is a back edge
u.low < min (u.low, v.d)
end if

: end for

10



7

Connected Graph

e Given an undirected graph G = (V, E). Write an algorithm to check whether the graph G is connected or not.

Algorithm 19 CONNECTED

Input: An undirected graph G = (V, E)
Output: TRUE: If the graph is connected, FALSE: otherwise

Ly e

n <+ |G.V| > Number of vertices in G
m <+ |G.E| > Number of edges in G
: for each vertex u € G.V do
L, + DFS(u,G) > Apply DFS/BFS considering vertex u as a source
and store all the vertices reachable from u (including u) in L,
if |L,| < n then > All the vertices are not reachable from u
return FALSE > Graph G is not connected
end if
end for
return TRUE > Graph G is connected

Algorithm 20 CONNECTED-BETTER

Input: An undirected graph G = (V, E)
Output: TRUE: If the graph is connected, FALSE: otherwise

1
2
3:
4

© »®» NPT

:n < |GV > Number of vertices in G
:m <+ |G.E| > Number of edges in G
Consider a vertex u € G.V
: L, + DFS(u, Q) > Apply DFS/BFS considering vertex u as a source
and store all the vertices reachable from « (including u) in L,
. if |L,| = n then > All the vertices are reachable from u
return TRUE > Graph G is connected
else > All the vertices are not reachable from u
return FALSE > Graph G is not connected
: end if

e Given a directed graph G = (V, E). Write an algorithm to check whether the graph G is strongly connected or
not.

Algorithm 21 STRONGLY-CONNECTED

Input: A directed graph G = (V, E)
Output: TRUE: If the graph is strongly connected, FALSE: otherwise

e

n+ |G.V| > Number of vertices in G
m < |G.E| > Number of edges in G
: for each vertex u € G.V do
L, + DFS(u,G) > Apply DFS/BFS considering vertex u as a source
and store all the vertices reachable from v (including ) in L,
if |L,| < n then > All the vertices are not reachable from u
return FALSE > Graph G is not strongly connected
end if
end for
return TRUE > Graph G is strongly connected

11



Algorithm 22 STRONGLY-CONNECTED-BETTER
Input: A directed graph G = (V, E)
Output: TRUE: If the graph is strongly connected, FALSE: otherwise

L n<+ |G.V| > Number of vertices in G
2: m « |G.E| > Number of edges in G
3: u < Select a random vertex
4: L, < DFS(u, Q) > Apply DFS/BFS on graph G considering vertex u as a source
and store all the vertices reachable from u (including ) in L,
5: if |L,| < n then > All the vertices in G are not reachable from u
6: return FALSE > Graph G is not strongly connected
7: else
8: GT « Transpose of the graph G > Obtain the transpose graph by reversing
the direction of all edges in G
9: LY + DFS(u, GT) > Apply DFS/BFS on graph G* considering vertex u as a source
and store all the vertices reachable from u (including u) in L. The set of vertices reachable
from u in G7' is basically the set of vertices in original graph G from where vertex u is
reachable.
10: if [L1| < n then > All the vertices in G are not reachable from u
11: return FALSE > Graph G is not strongly connected
12: end if
13: end if
14: return TRUE > Graph G is strongly connected

e Given a directed graph G = (V, E). Write an algorithm to check whether the graph G is weakly connected or
not.

Algorithm 23 WEAKLY-CONNECTED
Input: A directed graph G = (V, E)
Output: TRUE: If the graph is weakly connected, FALSE: otherwise

1 n <+ |G.V] > Number of vertices in G

2: m <+ |G.E| > Number of edges in G

3: Obtain the underlying undirected graph G’ from the directed graph G

4: for each vertex u € G'.V do

5: L, + DFS(u, Q) > Apply DFS/BFS on graph G’ considering vertex u as a source
and store all the vertices reachable from u (including u) in L,

6 if |L,| < n then > All the vertices are not reachable from u in G’

T: return FALSE > Graph G is not weakly connected

8 end if

9: end for

10: return TRUE > Graph G is weakly connected

12
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Strongly Connected Components (SCCs)

Algorithm 24 SCC-NAIVE

Input: A directed graph G = (V, E)

Ou
1.
2
3
4
5:
6
7
8

10:
11:
12:
13:
14:
15:
16:
17:
18:

tput: All the strongly connected components in the graph G

:n 4 |GV > Number of vertices in G
:m < |G.E| > Number of edges in G
: for each vertex u € G.V do

1.1inSCC < FALSE > Vertex u is not the part of any SCC

end for

: SCComponents + () > Initially there is no strongly connected component
: for each vertex u € G.V do

if u.inSCC = FALSE then > Vertex u is not the part of any SCC

- Obtain SCC where vertex u is one of the vertex — — — — — */

L_, < Obtain the set of vertices reachable from wu (including u)
L. < Obtain the set of vertices from where u can be reached (including u)

component <~ L_,NL_ > SCC where vertex u is a member
SCComponents + SCComponents U {component} > Add the obtained SCC to the set of SCC
for each vertex v € component do
v.inSCC <~ TRUE > Mark the vertices of SCC so that they do not take part again
end for
end if
end for

return SCComponents

13



9 Kiruskal’s Algorithm

Algorithm 25 KRUSKAL'S ALGORITHM

Input: A connected undirected graph G = (V, E)
Output: Minimum weight spanning tree T of G

—
e

—_
[

_.
N

—
e

—
»

._.
@

== =

n+ |G.V| > Number of vertices in G
m < |G.E| > Number of edges in G
T+ 0 > Initialize minimum weight spanning tree
Sort the edges of G.E in non-decreasing order of their weight
for each vertex u € G.V do
MAKE—SET(u) > Create a separate component for each vertex
end for
for each edge (u,v) € G.FE taken in non-decreasing order of their weight do
Rep,, ¢ FIND-SET(u) > Find the component where u belongs
Rep, + FIND-SET(v) > Find the component where v belongs
if Rep,, # Rep, then > v and v are from different component
T+ TU{(u,v)} > Add edge (u,v) to the minimum weight spanning tree T
UNION(Rep,,, Rep,,) > Connect v and v
else > u and v are from the same component
Do nothing > Connecting u and v will give a cycle
end if
: end for
: return T'

MAKE-SET() | FIND-SET() | UNION()
o(1) O(logn) o)

Table 1: Time complexity using tree representation for disjoint set data-structure.

e Line1-3: O(1)
e Line 4: O(mlogm) as sorting m edges takes O(mlogm) time
e Line 5 —7: O(n) as each call to MAKE-SET() takes O(1) time
e Inside loop in line 8 — 17
— For each edge (u,v), we are calling FIND-SET() twice — FIND-SET(u) and FIND-SET(v)
— Maximum number of call to FIND-SET(): 2m as there are m edges
* Total time taken by FIND-SET(): 2m x O(logn) = O(mlogn)
— Total number of call to UNION(): nn — 1 as MST has n — 1 edges
x Total time taken by UNION(): (n —1) x O(1) = O(n)

T= O(1) +0(mlogm)+ O(n) +0O(mlogn)+ O(n)
—~— —_———— ~—~—~
Line 1-3 Line 4 Line 5—7 Line 8—17

= O(mlogm) (1)

14



Algorithm 26 SECOND-BEST MST

Input: A connected undirected graph G = (V, E)
Output: Second best minimum weight spanning tree 7 of G

— s

n+ |G.V| > Number of vertices in G
m <« |G.E| > Number of edges in G
T 0 > Initialize second best minimum weight spanning tree
T* weight < oo > Initially, the sum of the weight of the edges of T* is co

Find a MST T of graph G using Kruskal’s Algorithm considering edge set G.F
for each edge (u,v) € T.E do

E' < G.E — (u,v) > Remove edge (u,v) from edge set G.F
Find a MST T of G.F using Kruskal’s Algorithm considering updated edge set E’
if T".weight < T*.weight then > Sum of the weight of the edges of T" is less than that of T*
T« T > T" is the updated second best minimum weight spanning tree
end if
: end for
: return T

15



10 Prim’s Algorithm

Given a graph G = (V,E), a cut C = (S,5) is a partition of V into two subsets S and S. The cut-set of a cut
C = (S, ?) is the set of edges that have one endpoint in S and the other endpoint in S, i.e., cut-set of a cut
C={(u,v) € Elu€eS,veS}.

Algorithm 27 PRIM’S ALGORITHM

Input: A connected undirected graph G = (V, E)
Output: Minimum weight spanning tree T of G

1 n<+ |G.V| > Number of vertices in G
2: m <+ |G.E| > Number of edges in G
3: T« 0 > Initialize minimum weight spanning tree
4: for each vertex v € G.V do

5: u.m < NIL

6: end for

7: s + A random vertex from G.V > Select a source vertex randomly
8 S+ 10 > Vertices in MST
9: S« SU{s} > Add source vertex s to MST
10: for i+ 1ton—1do

11: edgeset + ( > Initialize the set of edges in the cut
12: for each vertex u € S do

13: for each vertex v € Adj-List[u] do

14: if v ¢ S then > (u,v) is an edge of cut because u € SAs ¢ S
15: edgeset < edgeset U {(u,v)}

16: end if

17: end for

18: end for

19: (u,v) < Edge with minimum weight from edgeset pueSandv ¢S
20: T+ TU{(u,v)} > Add edge (u,v) to the minimum weight spanning tree T
21: S« Su{v} > Add vertex v to S
22: VT U > Update the predecessor of v
23: end for
24: return T > Minimum weight spanning tree can also be created using predecessor () of vertices
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Algorithm 28 PRIM’S ALGORITHM-CLASS DISCUSSION

Input: A connected undirected graph G = (V, E)
Output: Minimum weight spanning tree T of G

—
e

— =

n+ |G.V|

m <« |G.E|

T« 0

for each vertex u € G.V do
u.w + NIL

end for

s < A random vertex from G.V

S1ist < 0

Sbool[]-7 2, . ,’ﬂ] “— (Z)

for each vertex u € G.V do
Shoo[t] < FALSE

: end for

¢ Siist < Siist U {s}
14:
:fori+1ton—1do

22:
23:
24:
25:
26:

27:
28:
29:
30:
31:
32:

Shoo1[s] <~ TRUE

e+ 0
e.weight < oo
for each vertex u € Syt do
for each vertex v € Adj-List[u] do
if v & Shise(i.€., Spoor[v] = FALSE) then
if (u,v).weight < e.weight then
weight edge of the cut
e + (u,v)
end if
end if
end for
end for

Here, edge e is the minimum weight edge of the cut

T« TU{e}
Stist ¢ S1ist U {v}
Shoo1[v] ¢ TRUE
VT U

end for

return T’

> Number of vertices in G
> Number of edges in G
> Initialize minimum weight spanning tree

> Select a source vertex randomly
> Vertices in MST; Implement S as a linked-list
> Vertices in MST; Implement S as a boolean array

> Initially, no vertex is in S

> Add source vertex s to MST
> Add source vertex s to MST

> Initialize the minimum weight edge in the cut
> Initialize the weight of edge e to be oo
> Linked-list representation of S will be better here

> (u,v) is an edge of cut because u € S1ist A & S1ist
> Weight of edge (u,v) is less than the minimum

> Update minimum weight edge of the cut

> Add edge e to the minimum weight spanning tree 7'
> Add vertex v to Siist
> Add vertex v to Speo1

> Update the predecessor of v

> Minimum weight spanning tree can also be created using predecessor (7) of vertices

Let the set of vertices V' = {wvy,va,..

Thus, Y p_, |vk| = 2m.

Line 1 —3: O(1)
Line 4 — 6: O(n)
Line 7—-9: O(1)
Line 10 — 12: O(n)
Line 13 — 14: O(1)

Inside loop in line 15 — 31

Let the order of vertices in which they are added to set S be {v1,vo,...

.,Un}. Let the number of vertices in the adjacency list of vertex vy is ny.

7'Un}~

— At the start of the first iteration of the loop (when ¢ = 1), S has one vertex
— At the start of the second iteration of the loop (when i = 2), S has two vertices

vertices vy, va.
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At the start of the third iteration of the loop (when i = 3), S has three vertices

In general, At the start of the i*" iteration of the loop, S has i vertices

In the first iteration of the loop, all the vertices in the adjacency list of v are explored as S has only v;.
In the second iteration of the loop, all the vertices in the adjacency list of vy, v, are explored as S has two

In the third iteration of the loop, all the vertices in the adjacency list of vy, vq,v3 are explored as S has



three vertices v1, va, vs.

— In general, in i*" iteration of the loop, all the vertices in the adjacency list of vy, vs, ..., v; are explored as
S has ¢ vertices vy, vs, ..., v;.

— Hence, the total time taken to explore the adjacency list of vertices in the loop is as follows

l=ni +(ni+ng)+ M1 +ng+ng)+---+Mn1+ne+-+n,_1)

~ —— —

i=1 i=2 i=3 i=n—1
Il=n=1)n+n—-2n2+n—=3nsg+ - +2n,_2+n,_1
I<(n)ng+ (n)ng + (M)ng + -+ nnp_o + nny_q
I<n(ni+na+ng+ - +n,2+n, 1)
I<n(2m—mn,)
I =0(mn) (2)

T= 01) + On) + 01) + Om) + O1) + O(mn)
~—— ~—— —— ~—— ~—— ——
Line 1-3 Line 4—6 Line 7—9 Line 10—12 Line 13—14  Line 15-31

— O(mn) (3)

18



Subpath of shortest path is shortest path
x to y. Then ¢ is a shortest path from x to y.

Proof. Starts here. ..

e Let p; be the subpath of p from u to x.
e Let ps be the subpath of p from y to v.

Therefore,
b= b1
~—
Path from u
and hence

w(p) = w(p1)

: Let p be a shortest path from u to v. Let ¢ be a subpath of p from

+ q + P2 (4)
~~

~—
toxz Path from z toy  Path from y to v

+ w(q) + w(ps) ()

N—— ——
Path length from u to x  Path length from x to y  Path length from y to v

7 L e

Jo=pxe

Let ¢’ be a shortest path from z to y. Thus,

i

w(q') < wlq) (6)

Let p’ be another path from u to v which consists of ¢’. Therefore,

/
p = P
~—
Path from w

and hence

Subtract Eq. (5) from (8),

+ q + D2 (7)

~~ ~~
toz  Path from z toy  Path from y to v

Since p is a shortest path from u to v, w(p) < w(p') = w(q) < w(q’).
Therefore, w(q) < w(q’), which means that ¢ is a shortest path from x to y.

19



11 Dijkstra’s Algorithm

Algorithm 29 DIJKSTRA’S ALGORITHM

Input: A directed graph G = (V, E) and a source vertex s € G.V
Output: Shortest distance between s to all other vertices

L n<+ |G.V| > Number of vertices in G
2: m « |G.E| > Number of edges in G
3: for each vertex u € G.V do

4 u.key ¢ oo > Length of the shortest path from source vertex s
5 uw.m < NIL

6: end for

7: s.key <0 > Shortest distance from source vertex to itself is 0
8 S+ 0 > Set of the vertices for which we have the shortest path from source vertex s
9: S+ GV > Set of the vertices for which we have the shortest path from source

vertex s which includes only vertices of S
10: while S # 0 do

11: u + Select a vertex with minimum key from S
12: S« Su{u} > Add u to S as we have the shortest path from s to u
13: S+ S\ {u} > Remove u from S as we have the shortest path from s to u
14: for each vertex v € Adj-List[u] do
15: if v.key > u.key + w(u,v) then > There exists a better path to reach v from s
which goes through u
16: v.key + u.key + w(u,v)
17: VT 4= U > Shortest path to v has been explored through u
18: end if
19: end for
20: end while
[ Vu € G.V,u.key is the shortest path length from s to v — — - — — — — - */
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12 Bellman-Ford Algorithm

e If the graph G = (V, E) contains no negative-weight cycles reachable from the source s, then for all v € V|
the shortest-path weight d(s,v) remains well defined, even if it has a negative value.

e If the graph G = (V, E) contains a negative-weight cycle reachable from source s, however, shortest-path
weights are not well defined.

e No path from s to a vertex on the cycle can be a shortest path — we can always find a path with lower weight
by following the proposed “shortest” path and then traversing the negative-weight cycle.

e If there is a negative-weight cycle on some path from source s to v, we define d(s,v) = —oc.

Algorithm 30 BELLMAN-FORD ALGORITHM

Input: A directed graph G = (V, E) and a source vertex s € G.V
Output: Shortest distance between s to all other vertices

1 n <+ |G.V] > Number of vertices in G
2: m <+ |G.E| > Number of edges in G
3: for each vertex u € G.V do

4 u.key ¢~ 00 > Length of the shortest path from source vertex s
5: u.m < NIL

6: end for

7. skey + 0 > Shortest distance from source vertex to itself is 0
8 fori+ 1ton—1do

9: for each edge (u,v) € G.E do

10: if v.key > u.key + w(u,v) then > There exists a better path to reach v from s

which goes through «

11: v.key « ukey + w(u,v)

12: VT = U > Shortest path to v has been explored through
13: end if

14: end for

15: end for

JFm—————— Check for Negative weight cycle reachable from s — — — - — — — — */

16: for each edge (u,v) € G.E do

17: if v.key > u.key + w(u,v) then

18: return FALSE > Negative weight cycle reachable from s
19: end if
20: end for
21: return TRUE > No negative weight cycle reachable from s

21



13 All-Pair Shortest Path

Let DQ(L) be the weight of a shortest path from vertex u to vertex v that contains at most r edges, i.e., weight of a
shortest path from vertex u to vertex v using < r edges. Thus, DSL) is defined using Equation (10).

YW loo ifu#v

DY is obtained using Equation (11).

0 fu=w
DY) = L w(u,v)  if (u,v) € G.E (11)
00 otherwise

fo;) where r > 1 is defined recursively using Equation (12).

. — . —1
D) = min D= , min ng ) + w(k,v) : k € All predecessors of v
N~—— ~——
Weight of a shortest path from Weight of a shortest path from  Weight of edge (k,v)
u to v with atmost r—1 edges u to k with atmost r—1 edges
(12)

k belongs to the set of vertices for which there is an edge going to v, i.e., all predecessors of v. In a complete graph,
all the vertices are predecessor of v. So k € G.V in case of complete graph. Considering k € G.V also makes the
formulation simple. Doing so will not make any change to the shortest path because if there is no edge from & to v,
the edge weight is co and this co value will not affect the minimum calculation. Thus, the updated formulation is
given in Equation (13).

r) s (r—1) : (r—1) .
D) = min Dy , min D,, + w(k,v) ke GV
N—— N——
Weight of a shortest path from Weight of a shortest path from  Weight of edge (k,v)
u to v with atmost r—1 edges u to k with atmost r—1 edges
. —1
— min pr= +  w(k,v) keGV (13)
N—— ~——
Weight of a shortest path from  Weight of edge (k,v)
u to k with atmost r—1 edges

Figure 1: A directed graph.
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Algorithm 31 APSP-RECURSIVE

Input: A directed graph G = (V, E)

Output: Shortest distance between all pair of vertices

n+ |G.V| > Number of vertices in G

m <« |G.E| > Number of edges in G

: Create a distance matrix D[1,2,...,n][1,2,...,n] of size n X n

: for each vertex u € G.V do

for each vertex v € G.V do
Diu][v] < APSP-HELPER(n — 1, u,v) > Weight of a shortest path from vertex u
to vertex v that contains at most n — 1 edges

7: end for

: end for

9: return D

AN R A

oo

Algorithm 32 APSP-HELPER(r, u,v)
1: if » =0 then

2: if uw = v then
3: return 0 > Weight of a shortest path from vertex u to vertex v that contains
at most 0 edge is 0 because vertex u and vertex v are the same
4: else
5: return oo > Weight of a shortest path from vertex u to vertex v that contains
at most 0 edge is co because vertex u and vertex v are different
6: end if
7. else
Follow the formulation ~ D{") = min Dl(;;l) + w(k,v) tkeGV
——
Weight of a shortest path from  Weight of edge (k,v)
u to k with atmost r—1 edges

8: minDistance < o0

9: for each vertex k € G.V do
10: dist <~ APSP-HELPER(r — 1, u, k) + w(k,v)

11: if dist < minDistance then

12: minDistance < dist

13: end if

14: end for
15: return minDistance
16: end if

Recurrence Relation to Obtain the Shortest Path From Vertex u to Vertex v: Let N =n

T(n—1) = \]\L/ T(n—2) + o) +0(1)
No. of times APSP-HELPER is called in line 10 | mine by APSP-HELPER in line 10 Weight addition in line 10
=NT(n—-2)+ O(N)
—NT(n—2)+N
= N[NT(n—3)+N]+ N
=N*T(n—3)+N*+ N
=N?[NT(n—4)+ N]+ N?*+ N
=N*T(n—4)+ N>+ N2+ N
= N?[NT(n—5)+ N+ N>+ N>+ N
=NT(n—5)+N*+ N3+ N2+ N

23



=N""'"T(n—n)+ N¥'+ NV 4 ...+ N*+ N>+ N>+ N
=NNIPO)+ NV L4 NVN2 4 L NP N3 N2 N
=NVL NV L NN=2 L NP N3 N2 N

NN-1_1
— NN—l Ni
+ N -1
=O(NNTh
= (’)(n”_l)

e Time complexity to obtain the shortest path from vertex u to vertex v
— T(n)=0(m""")
e Need to find the shortest path between each pair of vertices
e Time complexity to obtain the shortest path between each pair of vertices

— Number of pairs xT'(n)
- n?2x O(n" 1)
— O(n?*n"71)
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Algorithm 33 APSP-RECURSIVE-MEMOIZATION

Input: A directed graph G = (V, E)
Output: Shortest distance between all pair of vertices

L el
W =29

14:
15:
16:

n+ |G.V| > Number of vertices in G
m « |G.E| > Number of edges in G
Create n distance matrices D"[1,2,...,n][1,2,...,n] of size n X n where 0 <r <n —1

for r < 0ton—1do
for each vertex u € G.V do
for each vertex v € G.V do
D" [u][v] + —o0
end for
end for
end for
for each vertex u € G.V do
for each vertex v € G.V do

D" u][v] + APSP-HELPER-MEMOIZATION(n — 1, u,v) > Weight of a shortest path from vertex u
to vertex v that contains at most n — 1 edges
end for
end for
return D

Algorithm 34 APSP-HELPER-MEMOIZATION(7, u, v)

1:

10:

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

if D"[u][v] # —oc then > Weight of a shortest path from vertex u to vertex v
that contains at most r edges is already computed

return D" [u][v]
end if
if r =0 then
if u = v then
return 0 > Weight of a shortest path from vertex u to vertex v that contains
at most 0 edge is 0 because vertex u and vertex v are the same
else
return oo > Weight of a shortest path from vertex u to vertex v that contains
at most 0 edge is co because vertex u and vertex v are different
end if
else
Follow the formulation ~ D{") = min DS};D + w(k,v) ke GV (15)
—— ——
Weight of a shortest path from  Weight of edge (k,v)
u to k with atmost r—1 edges
minDistance < 00
for each vertex k € G.V do
dist <+ APSP-HELPER(r — 1, u, k) + w(k,v)
if dist < minDistance then
minDistance < dist
end if
end for
D"[u][v] + minDistance
return minDistance
end if
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Algorithm 35 APSP-BotTOoM-UP
Input: A directed graph G = (V, E)
Output: Shortest distance between all pair of vertices

L n<+ |G.V| > Number of vertices in G
2: m <+ |G.E| > Number of edges in G
3: Create n distance matrices D"[1,2,...,n][1,2,...,n] of size n x n where 0 <r <n —1

4: for each vertex u € G.V do

5 for each vertex v € G.V do
6: if u = v then
7: DOu][v] <~ 0
8 else
9: DOu][v] + o0
10: end if
11: end for
12: end for
13: forr < 1ton—1do
14: for each vertex u € G.V do
15: for each vertex v € G.V do
16: minDistance < oo
17: for each vertex k € G.V do
18: dist < D" ul[v] + w(k,v)
19: if dist < minDistance then
20: minDistance <— dist
21: end if
22: end for
23: D"[u][v] < minDistance
24: end for
25: end for
26: end for

27: return D" !
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Obtain D©;

0 o0 o0 o0 ™
oo 0 oo oo o©
DO =l 00 0 o0 oo (16)
© oo oo 0 o0
oo oo oo x 0
Obtain DM
0 3 8 oo -4
o 0 oo 1 7
DM =lc 4 0 oo oo (17)
2 oo -5 0 o0
o oo oo 6 0
Obtain D®:
0 3 8 2 -4
3 0 —4 1 7
DP=|ococ 4 0 5 11 (18)
2 -1 -5 0 —2
8 oo 1 6 0
D§11)+w(1,4):0+oo =00 Déll)—&—w(l,l):oo—kO =00
D\ 4 w24)=3+1 =4 DY 4+ w(2,1)=0+00 =00
Dﬁ):min D%)—l—w(3,4)=8—|—oo =c0 =2 Dg):min D%)—s—w(?),l):oo—l—oo =00 =3
DY+ w4, 4) =00 +0 =oo DY w4, 1)=1+2 =3
D\ 4 w(5,4)=-4+6 =2 DY 4+ w(5,1)=7T+00 =00
D§11)+w(1,3)—oo+8 =00 D§11)+w(1,4):oo+oo =00
DY) +w(2,3)=0+00 =o0 DYt w@4)=4+1 =5
DY) =min{ DS + w(3,3) =c0+0 =00 =-4 | DY) =min{ DY) +w(3,4)=0+00c =00 =5
DY+ w(4,3)=1-5 =-4 DY +w(4,4)=00+0 =00
DS +w(5,3) =T+00 =00 DY +w(5,4) =00 +6 =o0
DVt w(l,5)=c0—4 =oc DV tw(1,2)=2+3 =5
DY +w2,5) =4+7 =11 DY+ w22) =0c+0 =oo
DY) =min{ DY) +w(3,5) =0+00 =00 =11 | D) =min{ DY) +w(3,2)=-5+4 =-1 =-1
Dé}l)+w(4,5):oo+oo =00 Dii)+w(4,2)—0+oo =00
D§15)—|—w(5,5)=oo+0 =00 Dflé)+w(5,2):oo+oo =00
DYV tw(1,5)=2-4  =-2 DYt w(l,1) =040 =0
D4(112)+w(2,5):oo+7 =0 Déé)—&—w(Q,l)—oo—l—oo =00
DY =min { D) +w(3,5) = ~5+ 00 = =—2| D =min{ DY) +w(d1)=cotoc =00 =8
DY) +w4,5)=0+00 =00 DY 4 w,1)=6+2 =8
DV +w(5,5)=c0+0 =00 DY 4 w(5,1)=0+00 =o0
DV 4 w(1,3)=c0+8 =
DY 4 w23)=c0too =
Déé):min Dé§)+w(373)—oo+0 oo =1
DY) +w(4,3)=6-5 =
DY+ w(5,3) =0+00 =oo
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Obtain D®):

0 3 -3 2 —4
3.0 -4 1 —1
DO =17 4 0 5 11 (19)
2 -1 -5 0 -2
8 5 1 6 0
DP 4t w(1,3)=0+8 8 DY tw(1,5)=3—-4 =-1
11 ) - - 21 s =
DY) +w(2,3)=3+00 =00 DY 4 w2,5)=0+7 =7
DY) =min{ D +w3,3)=8+0 =8 =-3|D¥ =mind DY + w35 =-4+00 =0 =-1
DY +w(4,3)=2-5 =-3 D fw(4,5)=1+00 =
D 4 w(5,3)=-4+00 =0 DY) +w(5,5) =740 7
D§21)+w(1,1)—oo+0 =00 Dé§)+w(1,2)—8+3 =11
DR +w@21)=4+00 =00 DY) fw(2,2) =00+ 0 =
DY) =min§ DG +w(3,1)=0+00 =00 =7 | D =mind DY +w@,2)=1+4 =5 =5
DS +w(4,1) =5 +2 7 D 4 w(4,2)=6+00 =o0
D) +w(5,1) =11+00 =00 D¥ 4 w(5,2)=0+00 =o0
Obtain D¥):
0 1 -3 2 —4
3.0 -4 1 -1
DW=17 4 0 5 3 (20)
2 -1 -5 0 -2
8 5 1 6 0
DY +w(1,2)=0+3 =3 D 4 w(1,5)=0+3 =3
DYt w22 =3+0 =3 DY t w25 =3+0 =3
DY) =min{ DY) +w(3,2) = -3+4 = —1| DY) =min{ DY) +w(3,5)=-3+4 = —3
D) +w(4,2) =2+00 =00 DY 4 w(45) =240  —oo
DY +w(5,2) = —4+00 =00 D® 4+ w(5,5) = —4+00 =oo
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14 All-Pair Shortest Path — Floywd Warshal

Let Dq(jf,) be the weight of a shortest path from vertex u to vertex v for which all intermediate vertices are in the set
{1,2,...,k}. Thus, DY) is defined using Equation (21).

0 ifu=w
0 .
DY) = S w(u,v) if (u,v) € G.E (21)
00 otherwise
k . . . .
DY) where k > 1 is defined recursively using Equation (22).
(k—1)
Duv
——
Weight of a shortest path from w to v for which
(k) _ - all intermediate vertices are in the set {1,2,...,k—1}
D,/ = min pk-1 pk=1) (22)
uk + kv
S—— S——
Weight of a shortest path from u to k£ for which Weight of a shortest path from k to v for which
all intermediate vertices are in the set {1,2,...,k—1} all intermediate vertices are in the set {1,2,...,k—1}

Algorithm 36 FLOYD-WARSHALL-RECURSIVE

Input: A directed graph G = (V, E)

Output: Shortest distance between all pair of vertices
1 n<+ |G.V| > Number of vertices in G
2: m <+ |G.E| > Number of edges in G
3: Create a distance matrix D[1,2,...,n][1,2,...,n] of size n x n

4: for each v € G.V do

5

6

for each v € G.V do

Dlu][v] + FW-HELPER(n, u,v) > Weight of a shortest path from vertex u
to vertex v for which all intermediate vertices are in the set {1,2,...,n}
end for
8: end for

9: return D

Algorithm 37 FW-HELPER
1: if £ =0 then
2: if v = v then
3: return 0 > Weight of a shortest path from vertex u to vertex v for which all intermediate vertices
are in the set {} (i.e., no intermediate vertex) is 0 because vertex u and vertex v are the same

4: else if (u,v) € G.E then
5: return w(u,v) > Weight of a shortest path from vertex u to vertex v for which all intermediate vertices

are in the set {} (i.e., no intermediate vertex) is w(u, v) because there is an edge from vertex u to vertex v
6: else
7 return oo > Weight of a shortest path from vertex u to vertex v for which all intermediate vertices

are in the set {} (i.e., no intermediate vertex) is oo because there is no edge from vertex u to vertex v
8: end if
9: else
10:

) {FW—HELPER(k —1,u,v)
return min
FW-HELPER(k — 1, u, k) + FW-HELPER(k — 1, %, v)

11: end if
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Recurrence Relation to Obtain the Shortest Path From Vertex u to Vertex v:

T(n) = 3 X T(n—1) +  0(1)
No. of times FW-HELPER is called in line 10 pjme by FW-HELPER in line 10 Other factors
—3T(n—1)+1

=3[3T(n—-2)+1]+1
=32T(n—2)+[3+1]
=32[3T(n—3)+ 1]+ [3+1]
=3"T(n—3)+ [3° +3 +1]

=3 [3T(n—4)+ 1]+ [3° +3+1]
=3'"T(n—4)+ [3° +3*+3+1]

=3"T(n—n)+ 3" " 4+2"2+. .. +3+3° +3+1]
=3"T(0)+ [3" ' +2" 2+ + 3%+ 3% + 3+ 1]
:311_'_[371—1_1_211—2_"_.._’_33_’_32_1_3_’_1}
1
:§(3n+1_1)
= 03" (23)

e Time complexity to obtain the shortest path from vertex u to vertex v
- T(n) =0(3")
e Need to find the shortest path between each pair of vertices
e Time complexity to obtain the shortest path between each pair of vertices
— Number of pairs xT'(n)
— n? x O(3"+!)
— O(n?37+1h

Algorithm 38 FW-RECURSIVE-MEMOIZATION

Input: A directed graph G = (V, E)

Output: Shortest distance between all pair of vertices
1 n<+ |G.V| > Number of vertices in G
2: m « |G.E| > Number of edges in G
3: Create n + 1 distance matrices D*[1,2,...,n][1,2,...,n] of size n x n where 0 < k < n
4: for k< 0 to n do

5: for each vertex u € G.V do

6

7

8

9

for each vertex v € G.V do
D¥[u][v] + —o0
end for
: end for
10: end for
11: for each vertex u € G.V do
12: for each vertex v € G.V do
13: D"[u][v] + FW-HELPER-MEMOIZATION (1, u, v) > Weight of a shortest path from vertex u
to vertex v for which all intermediate vertices are in the set {1,2,...,n}
14: end for
15: end for
16: return D
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Algorithm 39 FW-HELPER-MEMOIZATION(k, u, v)

1: if D¥[u][v] # —oo then > Weight of a shortest path from vertex u to vertex v
for which all intermediate vertices are in the set {1,2,...,k} is already computed
2: return DF[u][v]
3: end if
4: if kK =0 then
5: if v = v then
6: D*[u][v] < 0 > Weight of a shortest path from vertex u to vertex v for which all intermediate vertices
are in the set {} (i.e., no intermediate vertex) is 0 because vertex u and vertex v are the same
7: return 0
8: else if (u,v) € G.E then
9: D¥[u][v] + w(u,v) > Weight of a shortest path from vertex u to vertex v for which all intermediate vertices
are in the set {} (i.e., no intermediate vertex) is w(u, v) because there is an edge from vertex u to vertex v
10: return w(u,v)
11: else
12: DF[u][v] <~ 0o > Weight of a shortest path from vertex u to vertex v for which all intermediate vertices

are in the set {} (i.e., no intermediate vertex) is co because there is no edge from vertex u to vertex v
13: return oo

14: end if
15: else
16:
& . | FW-HELPER(k — 1, u,v)
D*[u][v] = min
FW-HELPER(k — 1,u, k) + FW-HELPER(k — 1, k, v)
17: return D*[u][v]
18: end if
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Algorithm 40 FW-BorToM-UP

Input: A directed graph G = (V, E)

Output: Shortest distance between all pair of vertices

L n<+ |G.V|
2: M < |GE|

3: Create n distance matrices D*[1,

4: for each vertex u € G.V do

5 for each vertex v € G.V do
6: if v = v then

7: DOu][v] <~ 0

8 else if (u,v) € G.E then
9 DOu][v] < w(u,v)

2,....n][1,2,...

10: else
11: DOu][v] « o0
12: end if
13: end for
14: end for
15: for k <+ 1 to n do
16: for each vertex u € G.V do
17: for each vertex v € G.V do
18:
Dk[u] [v] = min {
19: end for
20: end for
21: end for

22: return D"

,n] of size n x n where 0 <k <n

> Number of vertices in G
> Number of edges in G

Obtain D© and T1(©:

Obtain DM and TIW:

DO —

gwggo
38 o w

NIL 1
NIL NIL
oo = |NIL 3
4  NIL
NIL NIL

DM —

gwg g e
R ok O w

NIL
NIL NIL
o® = [NIL

—_

w

NIL NIL
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8 oo —4
co 1 7
0 oo o™
-5 0 o
o 6 0
1 NIL 1
NIL 2 2
NIL NIL NIL
4 NIL NIL

NIL 5 NIL

8 oo —4
oo 1 7
0 oo o
-5 0 =2
oo 6 0
1 NIL 1
NIL 2 2
NIL NIL NIL
4 NIL 1

NIL 5 NIL

(25)



0 0 0) 0
R e TPl R U i S B S B
Dz(n) D&Q) =2+3 ng) if Diz) Df11> D§2)
0 0 . 0 0 0
D(l) — min D( ) = = _9 H(l) — H4(15) if D4(15) < Dé(Ll) D%S) -1
o Dfﬁ) +D9 =2-4 0 b > DY+ pY
Obtain D and I1:
0 3 8 4 —4
o 0 oo 1 7
D®=lcc 4 0 5 11 (28)
2 5 -5 0 -2
oo oo oo 6 0
NIL 1 1 2 1
NIL NIL NIL 2 2
n® = |NIL 3 NIL 2 2 (29)
4 1 4 NIL 1
NIL NIL NIL 5 NIL
1 1 . 1
D@ — min Dy = _ I® — gy it Dy < iy + DY —9
H Dg) +DY) =341 Mo msy it Yy > D+ D<1>
1 1 1 1 1
oo _ Dy =0 _, | g _ [0 Dy <Dy + Dy
34 D) + DY) =441 Mo my Diff > D<1> + D“>
1 1 1 1
D( — min ( ) =0 =11 H(2) — HE’)E’)) if DZ($5) D§2) Dg&')) -9
5 Dgy +D) =447 70l i bl > by + DY
Obtain D® and 1I®:
0 3 8 4 —4
o 0 oo 1 7
D®=lcc 4 0 5 11 (30)
2 -1 -5 0 -2
o oo oo 6 0
NIL 1 12 1
NIL NIL NIL 2 2
n®=|NIL 3 NIL 2 2 (31)
4 3 4 NIL 1
NIL NIL NIL 5 NIL
2 2 . 2 2 2
D® _ nin Dy =5 B (G Iy it DY) < DY + D5
12 DY+ DY =_-5+14 270 i p? - Dfﬁ + D§2>
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Obtain D@ and I¥:

0 3 —1 4 -4
3 0 —4 1 —1
DWW =17 4 o0 5 3
2 -1 -5 0 -2
8 5 1 6 0
NIL 1 4 2 1
4 NIL 4 2 1
o® =1 4 3 NIL 2 1
4 3 4 NIL 1
4 3 4 5 NIL
DD _ in =38 _ oW mf; if DY < D{y + DY _4
19 D(S) +D) =4-5 By i nl) > Dfﬁ + DY
3 3 3
DW 00 —3 oW Hél) if D§1) < Dézx) + Dz(u) 4
21 — min = 21 — (3) . (3) (3) (3) =
=142 n® it Y > ol + D
3 3 3
D(4) =0 —1 H(4) _ Hé?) if DéS) < Dé4) + Dé(li}) -4
23 = min (3) @) _ = 23 = \ (3 (3) (3) ) I—
D)+ D¥ =1-5 ) it DS > DY) + DY
@ =7 _ n® _ I, if Dyy < Dy) + D
Dy’ =minq 75 ) _ =1 | Iy = (3 &) @, o =1
D)+ DY =1-2 Y it DS > DYy + DY
pW 1 =00 7 | gw Wy if Dy < DY) + Dy _
3, = min (3) (3) =7 31 = (3) (3) (?) (3) =4
DY)+ DY =542 ) if DSY > DY) + DY)
DD _ uin =1 _3 | @ I if DS < Dy + Dis) _1
9 =52 ® o\ itpY > ply + DY
3 . 3 3
DY — min = -8 | W = ) if DY < Dé4) + Dz(u) —4
o —6+2 1 i p® > p® 4 DY
3 3 3
D(4) =00 =5 H(4) _ HéQ) if DéQ) S Dé4) + D4(12 -3
52 = in . = 52 — (3)  .p (3) (3) (3) =
=6-1 ) it ) > D)+ DY
pW =0 _ | gw _ [mE D <pi Dl
=5 = min B =1 53 = (3) (3) ( ) (3) -
=6-5 Uy if Dyy’ > Dyy + Dy

34
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Obtain D®) and I

0
3
DO = |7
2
8
NIL
4
n® =1 4
4
4
W = 445
=-1
4+1
=4
) =446

SO Ut =N

if ;) < D) + D)
if D) > D\ (
it D{y < DYy + DY
if D{Y > DY 4+ DY
if D{y < DYy + DY
if D{3 > DY 4 p!




